We study a one-dimensional extended Peierls-Hubbard model coupled to intracell and intercell phonons for a half-filled band. The calculations are made using the Hartree-Fock and adiabatic approximations for arbitrary temperature. In addition to static spin, charge, and bond density waves, we predict intermediate phases that lack inversion symmetry, and phase transitions that reduce symmetry on increasing temperature.
I. INTRODUCTION
One-dimensional electronic systems have been extensively studied in the literature over the last two decades. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] In order to obtain a theoretical understanding of them, two main aspects have been considered: electron-electron (e-e) repulsion [3] [4] [5] and electron-phonon (e-ph͒ coupling. [6] [7] [8] Also, the combined effect of both interactions has been studied. [9] [10] [11] [12] [13] Due to these interactions, an ordered phase is expected at zero temperature, with a 2k F or 4k F modulation of the lattice. However, quantum fluctuations may reduce the former effect to short-range correlations. [6] [7] [8] In the particular case of a half-filled band, the lattice and distortion periods are commensurable by the simple rational 1 2 . Therefore quantum fluctuations are strongly suppressed, as the period-2 modulation is hard locked to the lattice. 6, 13 The last one is supported by Monte Carlo simulations, 7, 10 where distortions with long-range order ͑LRO͒ are reported for realistic ͑not too high͒ phonon frequencies. Since the half-filled band chain is an insulator, three main ordered phases can appear: a spin density wave ͑SW͒, 9 a charge density wave ͑CW͒, 1,13 or a bond density wave ͑BW͒; 1,12 these phases can also coexist. 1, 9, 13 The present paper deals with a half-filled band extended Hubbard model 4, 5 coupled to intracell and intercell phonons. The analysis is performed for arbitrary temperature. We use Hartree-Fock ͑HF͒ ͑Refs. 1,9,12͒ and adiabatic approximations; consequently a period-2 static deformation is expected. The adiabatic approximation yields a small overestimation of Peierls distortion ͑e.g., a 15% in polyacetylene 7 ͒. Despite the HF limitations, 14 in the present case ͑where a finite gap separates the filled and empty electronic states͒ HF becomes fair, and its predictions over some actual systems are in good agreement with experiments. 12 Rössler and Gottlieb 1 ͑RG͒ analyzed a model similar to the present one, although they considered a 1/4-filled band and an infinite intracell Coulomb repulsion. They used a mean field approach, obtaining results formally equivalent to the present ones by a substitution of parameters. Other authors have also faced similar, but rather simpler models, 2, 7, 10, 13 analyzing the Tϭ0 case. Our generalized Peierls-Hubbard Hamiltonian is
here v l and u l represent intracell and intercell displacements respectively, c l, † creates a spin electron on site l, and ň l, ϵc l, † c l, . We choose tϭ1 as the energy unit. Applying the HF approximation to the e-e interactions and using the period-2 translational symmetry in the electronic averages, we have ͗ň l, ͘ϵ 1 2 ϩ(Ϫ1) l ⌫ . Due to Mattis's theorem, the spin up and down directions are equivalent in a one-dimensional system. Thus, choosing ⌫ ↑ ϵ⌫у0 we have ⌫ ↓ ϭ⌫ for a CW, while ⌫ ↓ ϭϪ⌫ for a SW. In addition 1 The SW phase produces a uniform lattice contraction, instead of a Peierls distortion.
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where AϭUϵA SW for SW, Aϭ4VϪUϩ2 2 /QϵA CW for CW, WϭtϩG, and GϭVϩ4g 2 /K. The parameter W is an ''effective'' electronic transfer term, where t is corrected due to lattice contraction and HF exchange contribution.
We diagonalize H eff obtaining its quasiparticle spectrum
with ϭϮ.
We evaluate the electronic averages using the eigenfunctions of H eff . The latter yields the following self-consistent conditions for and the order parameters ⌫,⌬:
These conditions coincide with those of RG under the substitutions V→A, G 2 ϭ0, ⌬ 1 →⌬ and G 1 →G; here the left side corresponds to RG.
After some calculations we also obtain the Helmholtz free energy Fϭ2G͓
We use F to determine the most stable phase at a given temperature. It is easy to prove that ‫ץ‬F/‫ץ‬AϭϪ⌫ 2 р0. Therefore, defining V eff ϭVϩ 2 /(2Q), we have
Thus, the SW phase is stable if UϾ2V eff and vice versa for the CW phase. Monte Carlo simulations on a rigid lattice 5 give a very small departure from the latter condition.
We define DϭAϪ2G and use the replacements specified below Eq. ͑4͒ in order to describe our system in terms of the two parameters of RG (D and G), thus inheriting their results. However, since the present model differs from RG, the physical conclusions are also distinct. In particular, the CW phase of RG becomes our SW phase if UϾ2V eff . In this way, the seven parameters appearing in our Hamiltonian ͑1͒ reduce to two independent constants, plus the sign of UϪ2V eff ͑remember that we chose tϭ1). Moreover, for a pure BW phase ͑case ⌫ϭ0) the parameter D does not play any role, excepting for determining the BW boundary.
It is useful to define Lϵ4g 2 /KϪ 2 /(2Q); with L as a measure of the competition between the intercell and intracell e-ph interactions. Now GϭLϩV eff and Dϭ͉UϪ2V eff ͉Ϫ2L.
II. RESULTS
Our solution involves six different phases. In fact, beyond the ''pure'' BW, SW, and CW phases and the hightemperature homogeneous ͑H͒ state (⌫ϭ0ϭ⌬), there are intermediate phases which lack inversion symmetry; on them a BW order coexists with CW or SW order (⌬ 0 ⌫). The intermediate phase between BW and SW phases is a spinPeierls ͑SP͒ state, 9, 11 while that between BW and CW phases is ferroelectric ͑F͒. The phase transitions CW→F→BW and SW→SP→BW are continuous, while the transition CW →SW is discontinuous.
According to Eq. ͑4͒, at intermediate F or SP phases it holds that ϭϪtD/͓2G(DϩG)͔. The boundaries of these intermediate phases ͑e.g., BW-F or F-CW͒ are obtained by equating this expression with the value of at a ''pure'' phase.
A. Phase diagram at T‫0؍‬
Let D BW (G)ϽDϽD CW (G) be the boundaries of the intermediate F (UϽ2V eff ) or SP (UϾ2V eff ) phases. Reference 1 shows the curves D BW (G) and D CW (G). In the case GӶ2t, the widths of the intermediate phases are exponentially small, holding that D CW ϷD BW ϷϪ2G 2 /(tϩ2G) and D CW ϪD BW Ϸt͓G/(tϩ2G)͔ 3 exp͓Ϫ2t/G͔. In the opposite limit, Gӷ2t, these boundaries are given by D CW ϭϪGϩ 3 ͱ͓3Gt 2 /2 and D BW ϭϪGϩ2Gt/(4tϩG).
In order to obtain a physical feeling of the stability range of the different phases, let us first consider a phase map in the plane ͓G,U͔ for a fixed V eff ͑remember that GϭLϩV eff ). Figure 1 illustrates the case V eff ϭ 5. Defining f CW (G)ϭD CW (G)ϩ2G, and an analogous expression for f BW (G) , we conclude the following:
͑a͒ The SW phase is stable for UϾ2V eff and UϾ f CW (G).
͑b͒ The CW phase is stable for UϽ2V eff and
͑c͒ The BW phase is stable for
͑d͒ Obviously, the ferroelectric and spin-Peierls phases correspond to the small strips lying between the CW-BW and BW-SW phases, respectively. In this way, the CW-F-BW and SW-SP-BW phase boundaries are related to each other by a mirror reflection into the horizontal line Uϭ2V eff . Thus, the phase diagram can be obtained for any value of V eff by using the dotted curve of Fig. 1 .
Our conclusions are consistent with Hirsch results; 10 ; especially his condition for the BW loss, UϾU c ϭ4g 2 /K, is a particularization of our results for the case Vϭ0ϭ, and a small t.
It is also instructive to consider the Tϭ0 phase diagram in the plane ͓V eff ,U͔, and a fixed value of L; the case Lϭ0.5 is shown in Fig. 2 . From these two figures and our mathematical analysis we conclude:
͑i͒ An increase in L, all other parameters fixed, leads from a SW or CW to a BW phase; this result is obvious, since L measures the relative importance of intercell e-ph interaction. The BW phase is precluded if L is lower than a critical value, LϽL 0 . An approximate expression for L 0 ͑particu-larly suitable for small or moderate values of V eff /t) is L 0 ϭͱV eff 2 ϩ 2 t 2 /4Ϫt/2 . For a fixed L, the upper boundary of the BW region ͑recall Fig. 2͒ is given by UϭU 0 ϳ 2ͱL 2 ϩLt, V eff ϭU 0 /2. ͑ii͒ Let us fix L,V eff and increase U. At Uϭ0 the system is in a CW or BW-like (⌬ 0) phase ͑see Figs. 1 and 2͒. For LϾL 0 an increase in U leads to a continuous transition to the SW phase by crossing through the BW-like phases ͑e.g., CW →F→BW→SP→SW͒. If LϽL 0 , there is a direct and discontinuous CW→SW phase transition at Uϭ2V eff .
͑iii͒ We now fix U,L and vary V eff . For V eff ϭ0 and LϾL 0 , UϾ f CW (L)ϷL͓1 ϩt/(tϩ2L)͔, the system is in a SW phase, while lower values of U correspond to BW. A first increase in V eff favors the BW phase, while a further increase leads to CW. The BW→F→CW transition approximately occurs at V eff ϭ͓UϩL͔/3 for small t.
͑iv͒ Finally we consider the effect of an increase in the electronic transfer term t ͑e.g., due to an external pressure͒, which leads to a radial movement of point (G/t,D/t) toward the origin in Fig. 1 of RG. In this case a SW-CW transition is precluded. A transition from SW or CW regions toward the BW phase is possible if ϪGϽDϽ0, while BW is stable if DϽϪGϽ0. The SW or CW phases are stable if DϾ0.
B. Effect of temperature
Let us increase the temperature from Tϭ0. According to RG, if we start on a SW or CW phase, only a transition to the H phase is possible. The same is true for the BW phase, excepting in a narrow strip located around the intermediate F or SP phases and GϽ5.7t. Over this strip we have the sequence of phase transitions BW→SP→SW→H or BW→F →CW→H on increasing T.
1 This phenomenon is very peculiar, since a symmetry reduction occurs on increasing temperature ͑as F or SP phases lack inversion symmetry, while BW phase has that symmetry͒. This result is not an ''artifact'' of HF approximation, since it persists even when e-e repulsion is absent. Only a few other examples of this kind are known. 15 It is necessary to point out that our analisys for T 0 is more reliable for weak e-e correlation.
1 Note also that Landau theorem forbids LRO in one-dimensional systems; thus, the concept of phase transition becomes blurred, 6, 8 and our LRO parameters must be replaced by short-range correlations. However, the correlation length is very large for TϽT c / 4; here T c is the mean field critical temperature. ϪE GS (N e Ϫ1) is the chemical potential and E GS (N e ) is the ground-state energy for a system with N e electrons. Postulating periodic HF solutions, it holds that g coincides with the gap in the quasiparticles spectrum, ␦ g ; the latter one is given by the minimum of W k,ϩ ϪW k,Ϫ ϭ 2W k in Eq. ͑3͒. However, g ␦ g for the exact solution of the interacting system. For example, in the t→0, gϭϭ0 case, we have the exact results g ϭU, ␦ g ϭUϪV for the SW phase; g ϭ4VϪU, ␦ g ϭ3VϪU for the CW phase.
Since Ͼ⌬, the HF gap lies at kϭ/2, holding that g ϭ2ͱ4G 2 ⌬ 2 ϩA 2 ⌫ 2 . In the former case (t→0, ϭgϭ0) the HF gap goes to g ϭA. The latter one reproduces the exact results for the chemical potential, but not the minimal quasiparticle excitation energy ␦ g .
D. Test for the HF approximation
Now we compare the exact and HF results for the gap g . Both calculations are done in a four-atom cluster; thus, finite-size effects affect HF and exact solutions in the same manner. Figure 3 shows g versus V for Uϭ1, tϭ0.2, gϭϭ0. The HF curve ͑dotted͒ closely follows the exact results ͑solid curve͒, especially for Uϳ2V. However, the exact calculation leads to a local maximum of g at Vϳ0.2U, while the HF phase gives a monotonic decrease of the gap when 0ϽVϽU/2. The kink at Uϭ2V is due to the SW-CW transition.
We have also compared the thermal behavior of exact and HF solutions using small clusters. 1, 4, 15 For strong e-e interactions we have concluded that the HF approximation is fair when TϽT c / 4 especially in the CW phase. However, the HF approximation fails to account the magnetic properties of the SW phase. 4, 16 In particular, for gϭϭ0, UϾ2V, U ӷt, the Hubbard and antiferromagnetic Heisenberg models become equivalent, 4 holding Jϭ2t 2 /(UϪV) for the Heisenberg exchange. The HF approximation breaks the spin rotational symmetry, thus being inadequate to describe the magnetic correlations and low-energy excitations of the SW phase. 15 In the t→ϱ limit, the exact and HF results converge, 9 leading to the same exponential behavior for the gap of the one-dimensional Hubbard model, ␦ g ϰexp͓Ϫ2t/U͔.
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